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The model of the fluctuating viscous sublayer proposed by Einstein and Li was modified by
treating some of the objections to the original formulation without greatly altering the essential
simplicity of the concept. The applicability of this model to the description of the important
features of turbulent flow and heat transfer in ducts ond of the Toms phenomenon was
evaluated by comparison of predictions of the model with experimental measurements. The
mean period for growth and decay of the sublayer and the magnitudes of the wall-pressure
fluctuations and wall-temperature fluctuations were compared for the flow of air and liquids.
Quantitative spatial features of the periodic sublayer, that is, minimum and maximum sublayer
thickness and patch size in the directions normal and parallel to the flow direction, were

determined.

Experimental evidence (I, 3, 10, 15, 19 to 24, 26, 28)
which has accumulated over the past 35 yr., especially
in the last 5 yr., overwhelmingly rejects the concept of a
laminar sublayer adjacent to the bounding surfaces of a
turbulent, shear flow field (30). At present, the time
dependent, viscous sublayer, or partial turbulence concept,
is accepted by virtually all serious investigators of wall
turbulence. The relative wealth of experimental data cur-
rently available has not, however, brought about a satis-
factory theory of turbulent shear flow, and it appears
unlikely that a perfectly general description of turbulence
will be developed in the near future. A number of authors
(2, 5,7, 18, 27, 29) have put forward theories, having
various degrees of validity, intended to elucidate the be-
havior of the viscous sublayer. Unfortunately, if and when
predictions of these theories are compared with experi-
mental data, they often are not consistent with all of the
observations.

Characteristic features of most nonsteady models of the
viscous sublayer are the assumptions, based upon observa-
tion, that, at a point on the wall, turbulent fluctuations
suddenly penetrate very near the surface and that, pre-
sumably until the next penetration, viscous processes
dominate the flow. A description of the penetration phe-
nomenon and a determination of the mean period between
penetrations are two of the objectives ot the experimental
work of Kline and co-workers (15, 24, 26) and of the
theory of Black (2). Once developed, the likely complex-
ity of such a description as that under study by Black
(2) will limit its direct usefulness for calculation of the
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important transport processes which occur near surfaces
which bound turbulently flowing streams. However, an
important practical result can be obtained when it is
realized that, if the penetration process, which is really
the decay process of the sublayer, is very rapid, the time-
averaged transport processes at the wall can be deter-
mined solely from well-understood molecular phenomena.
Under most circumstances, the mean period between tur-
bulent penetrations is the principal parameter required for
a quantitative calculation of the rates of the transport
processes.

A model of the viscous sublayer having great intuitive
appeal and much heuristic value was proposed some time
ago by Einstein and Li (8). Somewhat the same approach
was presented independently by Hanratty (12). It was
the purpose of the present work to reintroduce and im-
prove this model of the viscous sublayer; to show that,
though simplified and perhaps naive, it accurately de-
scribes many features of wall turbulence; and to present
new data relative to the structure of the viscous sublayer.

THE VISCOUS SUBLAYER FLOW MODEL

For purposes of model development, the conduit sur-
faces which bound a turbulent flow field are pictured as
being covered with patches of fluid islands of hesitation
(15) in which unsteady viscous flow persists. When the
maximum sublayer thickness is considerably less than the
characteristic dimension of the conduit, which, for definite-
ness, is now taken to be a circular tube, Cartesian coordi-
nates may be used. (Cartesian coordinates would, of
course, be appropriate for a description of flow between
parallel planes regardless of the sublayer thickness.) The
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z axis is taken to be in the direction of the mean flow,
and the y direction is into the fluid from the wall. I the
dimensions of the sublayer element in the plane of the
wall are larger than its thickness, the velocity in the sub-
layer element may be satisfactorily represented by

u=10,0,u.(y,)] (1)

If body forces and the pressure gradient term are ne-
glected, the equation of motjon reduces to

(2)

for a fluid having constant density and viscosity. That
neglecting the pressure gradient is consistent can be dem-
onstrated (19) for Reynolds numbers corresponding to
fully developed turbulent flow.

The velocity at the outer edge of a given patch up is
taken to be some constant, and the growth of the sublayer
element in time is treated as a semi-infinite, boundary
layer type of phenomenon. The development of the patch
proceeds with time until a viscous turbulent transition
takes place. The element then breaks up into a turbulent
hash, mixes with the core, and is replaced, essentially in-
stantaneously, with a new patch, the development of
which begins, as a first approximation, at zero thickness.
Then, if the time origin is taken to be the beginning of
a growth cycle, the boundary conditions become

t=0,y>0, u,=up (3a)
t>0, y=> o, u,=up (8b)
t>0, y=0, 4, =0 (3¢c)

Equation (3c) corresponds to the requirement that there
should be no slip at the wall. The well-known solution to
(2) is

U, = ug erf [

2\% ] (4)

This result implies a discontinuity at the wall at ¢t = 0,
which is characteristic of such simple developments, but
all time averaged values are well behaved.

Introduction of the dimensionless variables y*, u*,
and ¢t* and the friction velocity u. alters (4} to give

y+
u,t = ugt erf [ 2 ] (4a)

t+

The growth period T of the sublayer can be related to
the bounding velocity up by use of the fact that

u, T du,
Tw =4 = £ f dt
Gy ¥y=0 T 0 By y=0
The result is
2UB+
A
"= /2 (5)

Thus far, the resulis are exactly those of Einstein and Li
(8). The boundary-layer development used does not
admit a well-defined sublayer thickness, which is now
taken to be that point where the velocity is 99% of the
bounding velocity. Then use of tables of error functions
gives the result that

8t =364t
and, in particular, the maximum thickness and period are

lated b
ey 8t =3.64T+ (6)
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An immediate objection to the development is that
growth of the sublayer should begin not from the wali
but from some average minimum thickness. Evidence, to
be discussed shortly, shows this thickness to be about 1.5
in dimensionless variables. It has been shown (9) that this
results in only a 2% reduction in the calculated values
of T*; thus, the period is essentially determined only by
the value of 8, 7.

The turbulent core is treated only as a time averaged
phenomenon. Viscous effects are neglected, and a mixing
length theory is assumed applicable. The well-known re-
sult for turbulent pipe flow is (25)

AR

dy+ Ky+ <7)

where « = 0.4 is a universal constant descriptive of the
eddy transport mechanism. Integration of (7) with the
boundary condition

yt =8pt, u;t = 099 up* (8)
yields
ﬁz+=llny++B (9)
where )
B=099up* — i-In St (10)

K

In order to relate to Reynolds number, it is to be noted that

<ﬁz+> = (11)

2 R+
— J; @+t (R* —y*) dy*
and
Ng, = 2 <@ *>R* (12)
The closure relation for the model should be the transi-
tion criterion for the sublayer element. Stability theory
(25), in conjunction with experimental measurements of
the transition point for flat plate boundary layers (11},
permits at best a qualitative evaluation of the transition
criterion for the unsteady viscous sublayer (19). An alter-
native approach is to assume the validity of some empirical
relation in order to effect completion of the model. Only
because a theory of this viscous turbulent transition is not
available, the Prandt! formula for the friction factor, which
can be written as

<#@t> = 4/2log (2V2R* — 0.4\/21  (13)

is introduced. Then, five equations, (5), (6), (11), (12),
(13), contain six variables, ug*, 8,7, T*, R*, B,", Nge,
so that the parameters can be determined as functions of
the Reynolds number. In the original Einstein-Li formula-
tion, up was empirically set equal to the velocity in the
turbulent profile corresponding to a distance from the
wall of three times the displacement thickness. This cor-
responds to the assumption that ug* = 15.7 in the present
notations. The analysis presented here shows that up™
varies from 19.0 at Ng, = 2,100 to 16.0 at Ng, = 2.5 X
10 (19). The computed periods agree with the Einstein-
Li prediction at high values of Ng, and are somewhat
longer for low values of the Reynolds number.

The maximum sublayer thickness as a function of Reyn-
olds number is given in Figure 1. The maximum sublayer
thickness should correspond to the outer edge of the so-
called buffer layer which, by definition, is that region
within which both viscous and turbulent effects are im-
portant. The calculated value of the maximum sublayer
thickness does agree well with the older Schlichting (25)
value of 70. A later value [Deissler (6)] of 26 has gained
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Fig. 1. Calculated maximum dimensionless sublayer growth thick-
nesses gs a function of the Reynolds number.

some acceptance, but the recent experiments of Popovich
and Hummel (22) indicate that §,,* ~ 35. The method
of defining the sublayer thickness leaves much to be de-
sired, however, and it is to be noted that it could have
been defined differently, say as that point where #,/ug =
0.90. Had this been done, changes in the value of T+,
which is the variable of prime interest, would be slight.
So as long as consistency is maintained, and if the trans-
port problems considered may themselves be approached
from a boundary-layer point of view (that is so long as
thermal and mass transfer thickness are less than the sub-
layer thickness), the point which is defined to be the outer
edge of the sublayer is not too important.

One other point relating to the sublayer thickness and
the self-consistency of the model should be noted. The
condition for which the sublayer elements grow together
across the duct (which must now be taken as parallel
planes since Cartesian coordinates were used) is of inter-
est since this is the lower limiting point of applicability
of the model and should therefore agree with the Reynolds
number for transition from laminar to turbulent duct flow.
The calculated Reynolds number for this boundary-layer
interaction is 2,000, which is in excellent agreement with
the experimental value for the transition Reynolds num-
ber for channel flow.

Computed [by time averaging Equation (4a) over a
period T7 axial velocity profiles are compared with ex-
perimental data (13, 17, 22) in Figure 2, where it is
seen that agreement is excellent except near the outer edge
of the sublayer where a discrepancy (in slope) exists be-
cause of the semi-infinite boundary condition. It should
be noted that the constant B of Equation (10) is not a
universal constant but rather varies with Reynolds number,
becoming very nearly constant at very large Reynolds
numbers. The unsteady sublayer behavior qualitatively
explains (8, 19) the maximum in the root-mean-square
fluctuating axial velocity as observed by Laufer (17), but
attempts at quantitative reproduction of the experimental
intensity data or of the behavior of the eddy diffusivity
near the wall (14, 28) are necessarily unsatisfactory not
only because of the boundary conditions but also because
description of the turbulent phase of the partia] turbulence
is inadequate. The real virtue of the model is, however,
that for description of transport phenomena, these quan-
tities are not needed.

If the foregoing description of the sublayer is correct,
and a relatively well-defined period for sublayer oscillation
does exist, it would be expected that the spectra from a
wall sensing device would exhibit a peak at a frequency
f = 1/T. Most spectral data are presented in terms of the

dimensionless variable fD/<u,>. The calculated value
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for the period T corresponds to
/b D
<u> T<u,>

Consider first the pipe flow, wall pressure spectra pre-
sented by Corcos (4) for Reynolds numbers of from
5(10)* to 2(10)5. The expected spectral peak is then at
fD/<u.> = 0.4 to 1.6. The spectra presented by Corcos
(4), however, show no such maxima. Rather the spectral
density appears to increase by almost a factor of 10 as
fD/<u.> decreases from 1 to 0.01. Secondly, consider the
wall heat transfer fluctuation data of Armistead and Keyes
(1). Their measured spectra also show no peak, but they
have attempted autocorrelation and mean frequency anal-
ysis of the data, Unfortunately, the delay time for auto-
correlation was not sufficient to reveal the presence or
absence of the expected sublayer oscillations. The mean
frequency as determined by zero crossings of the autocor-
relogram is, of course, not a satisfactory estimate of the
characteristic frequency (1/T), since no account of fluc-
tuation amplitude is made. And, as their amplitude density
functions reveal, the amplitude spread is rather broad, es-
pecially at low Reynolds numbers. At higher Reynolds
numbers, where the amplitude density is sharper, the
average frequency is at least in order of magnitude agree-
ment with that expected on the basis of the model pre-
sented here. It is also to be noted that Armistead and
Keyes' (1) measurements of the fluctuation in the heat
transfer rate are in semiquantitative agreement with the
predictions of the following section.

On the other hand, there are data which tend to give
more direct support of this model (8, 20, 26). Mitchell’s
(20) mass transfer spectra indicate the existence of a
peak at fD/<u.> = 0.05 for Reynolds numbers of 1 to 2
(10)* corresponding to a T+ of approximately 30 to 40.
Schraub’s (26) burst rate data imply (19) a value of T+
of approximately 15. The conclusion must be that pres-
ently existing data yield no definite answer as to the valid-
ity of the Einstein-Li concept.

The question then must be asked: why do present data
not clearly support or refute the model? There are at
least two parts to the answer. First, methods of data
analysis have been such that detection of the mean sub-
layer period is improbable if not impossible. Second, ex-
perimentation can easily introduce signals or noise which
tend to obscure the desired observation. This is especially
true with regard to the low frequency vibration from valve
or pump, etc. Pressure fluctuation data are particularly
susceptible to misinterpretation as a result of system intro-
duced noise. In the preliminaries to the experiments de-
scribed shortly, it was noticed that low frequency fluctua-
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tions were evidenced by the wall sensors even in laminar
flow. These signals were eliminated only by careful ad-
justment of the flow system to insure a truly steady flow
rate.

HEAT TRANSFER TO A FLUID IN TURBULENT FLOW

Consideration is now given to the transmission of heat
through a viscous sublayer patch from a heated wall. The
fluid physical properties are taken as constant, viscous
dissipation is neglected, and the size of a patch is sup-
posed such that § = 6(y, t) to a satisfactory approxima-
tion. Then the equation of energy becomes

0 5% (14)
at oy?

Fluctuations in temperature are imposed by the periodic
fluctuations of the sublayer so that

0{(y,t +T) =48(y, 1) (15)

If the fluid Prandtl number is high enough that the outer
edge of the growing sublayer is always farther from the
wall than the depth of significant penetration of the ther-
mal wave, the boundary condition

0 = 6p

9= n

all ¢, y— oo,

16
t=nT, §<y< m, (16)

is useful, where 6p is a bounding temperature analogous
to up. The maximum thickness of the thermal boundary
layer is of little importance, since the wall heat flux
is determined from conditions near or at the wall. Here
81, the minimum sublayer thickness or that thickness not
disturbed by the periodic turbulent penetration, is not
necessarily taken to be zero. It is obvious that the value
of this minimum thickness will be very important at high
Prandtl numbers, where the penetration of the thermal
wave during a growth cycle may be of the order of or less
than the minimum sublayer thickness.

The one-dimensional, transient energy equation must be
satisfied in the heated wall. Continuity of the heat flux
and the temperature must exist at the wall-fluid interface.
In order to determine the other boundary condition for the
wall, explicit consideration must be given to the wall and
its thermal properties. Clearly, the fluctuating sublayer
imposes temperature fluctuations on the wall. If the wall is
of sufficient thickness that significant fluctuation in tem-
perature do not penetrate it, then a satisfactory boundary
condition is

X107
T T T

[ | -—--DEISSLER CORRELATION

] |
| F
o 2 ‘
= N
S 3 X ’
% 1C \\\ 6’{ =05
: N 5 =10
o 5 NN 61 =20 ]
zZ &
3 2
Q N
o} N
— _ \\

10 !
05 1 2 5 1020 50 00 200

PRAN
DTL NUMBER, Npg

Fig. 3. Local Stanton numbers as a function of the fluid Prandtl
number calculated for various assumed values of the minimum sub-
layer decay thickness.
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8 _ _
allt; y— — 0, —kg— =qu =h (8, — <6>)
oy
= constant (17)

where the heat transfer coefficient h has been introduced.
It will be supposed that a logarithmic, mixing length, tem-
perature profile adequately describes the fully turbulent
core (turbulent Prandtl number equals unity) when <6>
is evaluated.

A dimensional analysis of the differential equations for
the fluid and wall and the boundary condition is straight-
forward and yields the result that (19)

s Ts
NNu:NNu( Nres Npr, — ’_I‘—) (18)

and of f

8.2 as Ts
— — =g Nge, Npr, y (19)
G — <> oy Ty

These quantities, as well as the temperature profile in the
sublayer, have been determined numerically (19) for
various values of the minimum sublayer thickness. The
procedure was to chose an initial starting solution and to
then calculate through a number of simulated sublayer
oscillations until the stationary solution corresponding to
periodic sublayer oscillations was converged upon. For the
numerical calculation, the differential equations were put
into the form of the Crank-Nicholson six point implicit
representation, and the resulting tridiagonal matrix was
inverted by the method of Thomas (16). Stable solutions
which would have converged to known analytical solu-
tions were obtained.

Heat transfer coefficients, based upon time average wall
temperature, bulk fluid temperature, and root-mean-square
wall temperature fluctuation, have been calculated for
various fluids in ducts of various materials (19). The ef-
fect of change in wall properties on the calculated heat
transfer coefficient was found to be very small, and a very
sensitive experiment would be needed to discern such dit-
ferences. A plot of calculated local Stanton number vs.
Prandt] number for a Reynolds number of 1.5 (10)* and
various values of the minimum sublayer thickness is given
as Figure 3, where a comparison to Deissler’s (6) correla-
tion of the experimental data is made. Substantial agree-
ment is obtained if the average minimum sublayer thick-
ness is taken to be 1.5 in dimensionless variables. Recent
experimental work of Popovich and Hummel (17) gives
8% = 1.6 = 0.4; this value is the smallest value from a
nonstatistical number of observations. Their observation
that, for lesser distances from the wall, an essentia]]y linear
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Fig. 4. Schematic diagram of liquid circulation system.
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velocity gradient exists (the slope of which changes with
time) can hardly be interpreted as other than additional
support for consideration of the Einstein-Li type of viscous
sublayer model.

As was to be expected, the root-mean-square wall tem-
perature fluctuation was found to depend markedly on the
wall properties. Experiments were performed in which the
wall temperature fluctuations were measured, and, there-
fore, discussion of the calculated values will be delayed
until the corresponding experimental data are presented.

A pronounced difference in the number of numerical
computation cycles necessary to achieve convergence of
the repetitious solution was noticed for high vs. low
Prandtl number fluids, the latter requiring much more
computation. Tests, to be described shortly, with air
showed the same slow physical response in that a very
much longer time was required for a constant time aver-
aged wall temperature to be established for air than was
the case for liquids.

EXPERIMENTATION

In order to compare calculated values of the sublayer growth
period to experiment, an air flow and a liquid flow system were
constructed. The liquid circulation system is shown schemati-
cally in Figure 4. The air flow system employed either an ejec-
tor or small blower to circulate room air through a metering
section and the test section. Measurements were made inside of
1, 2, and 4 in. LD. steel or Pyrex tubes, and the measurement
positions were 8 and 12.5 ft. from upstream disturbances for
the air and liquid systems, respectively.

With air as the turbulent medium, a Thermo-Systems Model
1410 miniature pressure transducer was employed to measure
wall pressure fluctuations in the test section. The sensitivity of
the transducer is better than 10-3 Ib./sq. in.,, and frequency
response is flat to 200 Hz. Because the opening into the
channel was only 2 mm. in diameter, the flow disturbance in-
troduced by the transducer was negligible. Some additional
data were taken with a Thermo-Systems boundary-layer probe
measuring velocity fluctuations very close to the wall (y, ~ 2).

The principal sensor used in both air and liquids (tetra-
hydronapthalene, Tetralin, and ethylene glycol) was a plati-
num film resistance element painted and fired (Hanovia Liquid
Bright Platinum 05-X paint) onto the inside of Pyrex 7740
glass tubes. The film elements produced were approximately
0.0005 cm. thick by 0.01 cm. wide by 0.2 em. long. In all but
a few selected tests, the long dimension was in the direction of
flow. These sensors were uncoated, which precluded the use
of conductive fluids such as water in the tubes. A 1-ft. section
of the tube wall was heated by means of a direct current heat-
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Fig. 6. Summary plot of ail experimentally measured periods from
autocorrelation analysis. The Tetralin-PIB solution contained 0.02%
of high molecular weight polyisobutylene.

ing tape wrapped around the outside of the tube, and the film
sensors were positioned in the center of this heated section. A
small electrical current was passed through the platinum ele-
ments, which because of their small size and thickness were
always at the local wall temperature to permit determination of
wall temperature fluctuations by measurement of the voltage
drop across the element. Arrays of these sensors were painted
onto the tubes to permit determination of the scale of the sub-
layer patch at the wall.

Signals from any of the sensors were processed with Honey-
well Model 104-amplifiers and stored on magnetic tape by a
Precision Instrument Model 2100 tape recorder. The data were
recorded at a slow speed and played back at a high speed to
produce signals of a higher frequency for analysis by available
instrumentation.

During the analysis of the data, it became apparent that an
essentially turbulent quantity was being measured and that
some distribution in growth times was observed. The model
tacitly presupposes that this distribution is sharply peaked about
some mean period T, and spectral analysis of the fluctuation
data, by use of a Panoramic Radio Products Model LP-1a sonic
analyzer, indicated a reasonably narrow distribution. The mean
period T was determined from the autocorrelation coefficient,
which is completely equivalent to the spectral density function,
by use of a Honeywell Model 9410 Time Delay correlator. This
device also permitted determination of the cross correlation co-
cfficient between a pair of platinum film sensors and, hence,
could be used when determining the sublayer patch scale. Sen-
sor calibration and measurement of the root-mean-square value
of the sensor signal yielded the fluctuation amplitude. The flow
rate was measured through the pressure drop across a sharp
edged orifice, and, in the case of liquids, the friction factor
was also determined.

RESULTS

A typical autocorrelation curve of the experimental data
is presented as Figure 5 (wall temperature fluctuation in
Tetralin). A summary of the experimental dimensionless
mean sublayer periods as determined from the autocorre-
lation curves is presented in Figure 6, where comparison
is made to the calculated values. Most of the data agree,
within the experimental error, with the model prediction,
and there is reasonable agreement among the data for vari-
ous tube sizes, fluids, and sensors. The liquid data, how-
ever, are consistently about 20% greater than the pre-
dicted values. Comparison of data at the same Reynolds
number, but at different wall temperatures, indicates that
this may be caused by variation in the liquid viscosity as a
result of heating the wall (19).

The raw pressure transducer data indicated several
sharply peaked frequencies, and the magnitude of the fluc-
tuation was considerably larger than that measured by
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others (4). The anomaly was immediately identified as
due to the organ pipe frequencies of the air-flow system.
When these frequencies were electronically removed by
filtering, the resulting fluctuation magnitude was in agree-
ment with that measured by others (4). The spectra are
qualitatively the same as in previous work for fD/<u.>
> 1 but are, in fact, peaked at f 2 1/T and drop off rap-

idly for lower frequencies. The autocorrelation curves,
from which the mean period was determined, are essen-
tially the same in appearance as those from the platinum
film data. The velocity fluctuation data did not contain
the spurious signals, and the spectra did not drop off as
rapidly with frequencies greater than 1/T as was the
case for the pressure spectra, which is in agreement with
Mitchell's (20) findings.

Although the root-mean-square relative wall tempera-
ture fluctuation was measured for all platinum film, heated
wall experiments, meaningful comparison with the calcula-
tions mentioned previously is possible only for the case of
Tetralin as the fluid. For air, there is evidence (19) that
the value of the temperature fluctuation is sensitive to the
wall-to-fluid temperature difference, presumably due to
the density temperature effect in air. At the low values of
the Reynolds number, it was necessary to use a wall-to-air
temperature difference of about 200°C. to obtain a satis-
factory signal-to-noise ratio. The ethylene glycol used was
found to contain some water, which apparently provided a
variable electrical current path around the sensor and
produced anomalously large apparent wall temperature
fluctuations. The Tetralin data are compared with calcula-
tions in Figure 7. A value of the minimum thickness of
1.5 in. dimensionless variables gives adequate agreement
with the data, lending further support to the model
concept as well as experimental confirmation of the mini-
mum thickness value inferred from comparison to heat
transfer data.

Cross correlation coefficients vs. (dimensionless) sensor
separation are plotted in Figures 8 and 9. The circum-
ferential cross correlation indicates a rather well-defined
structure around the circumference of the tube. The cir-
cumferential integral scale determined from the curve
through the data of Figure 8 is
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At =18

Since the correlation coeflicient does vary from positive
to negative, it was supposed that the separation between.
maximum correlation and maximum anticorrelation is the
extent to which the sublayer grows and decays in phase;
that is, at any time, there exists a pattern of sublayer
elements around the circumference of the tube which, at
least for several elements, are alternately in and out of
phase. If this description is correct, then the data indicate
that
AT ~ 60

In the case of axial sensor separation (Figure 9), there
is a much more pronounced scatter in the data, some of
which may be traced to a Reynolds number dependency.
The axial integral scale is

AT = 320

Though computation of the extent of the sublayer patch
in the axial direction is somewhat obscure, it was supposed
that

At ApT

~

At ALt

in which case
At ~ 1,000

The data do not suggest that a well-defined structure exists
along the axial direction. These values for the extent of
the unit sublayer patch are in agreement with the results
of other investigators (20, 24) as well as with order of
magnitude estimates (19).

THE TOMS PHENOMENON

For some time (31), it has been observed that introduc-
tion of very small amounts (in some cases less than
0.019; by weight) of certain polymers into an otherwise
Newtonian solvent will reduce the pressure drop in tur-
bulent pipe flow by as much as a factor of 2, even though
the apparent viscosity of the fluid is not appreciably
changed. Perhaps the most important experimental results
obtained thus far are those of Wells and Spangler (33),
who have introduced the drag reducing agent at the center
and at the wall of a tube containing turbulently flowing
solvent, When the agent is introduced at the wall, pressure
drop reduction is almost instantaneous, but when it is
introduced at the center, no reduction takes place until
the agent has had time to diffuse to the wall. Furthermore,
Elata (9) has shown that the sublayer region is thickened
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Fig. 8. Cross correlation coefficients determined by platinum film
sensors separated in the circumferential direction in the 10.4- and
5.26-cm. tubes.
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in such flows.

The periodic sublayer model was employed for calcula-
tions with a Maxwell constitutive equation replacing the
Newtonian relationship (19). The principal result of the
development is that when the characteristic relaxation
time of the fluid is much less than the growth period,
the growth period and maximum thickness are increased
and friction reduction takes place. As before, the transition
criterion is lacking.

Experiments were performed with an 0.02%; by weight
solution of polyisobutylene (Esso Vistanex L-140) in
Tetralin. The mean sublayer period was measured as
before, and the increase in period was found to be in
agreement with that calculated, thus confirming the basic
conceptual validity of the proposed sublayer model (Fig-
ure 6). The predicted dependence of the period on the
friction factor was observed. The physical interpretation is
that elastic effects stabilize the sublayer such that it grows
to a greater thickness over a greater period of time, which
results in a smaller time averaged wall shear stress. Fur-
ther work is indicated in order to explain the recent im-
portant experimental findings of Virk (32), which seem to
be related to the relative magnitudes of relaxation time
and sublayer growth time to the onset of the friction re-
duction and to the effect of elasticity on stability and
transition to the upper asymptotic limit of the effect of
friction reduction.

CONCLUSIONS

It can be justifiably concluded that the proposed model
does indeed describe the viscous-turbulent-interaction proc-
esses occwrring near a surface. Processes which depend
upon time averaged phenomena, such as transport energy
or mass, can be adequately predicted by use of the model
in its present form. Useful application of this concept to
the treatment of nonisothermal and/or non-Newtonian
turbulent flow, of mass addition through the turbulent
boundary layer, and of mass transfer at high rates and with
chemical reaction appears to be feasible. Processes which
depend upon the intimate structure of the flow field, such
as those which are important in determination of eddy
diffusivity and the velocity fluctuations, cannot now be
evaluated. Further development of the model is indicated.

Refinement of an essentially simple model can lead only
to increased complexity and loss of heuristic value. Un-
fortunately, the process under consideration is too complex
for a simple analogue, and a more complete description
requires greater intricacy. However, modern computational
techniques permit manipulation of problems of great com-
plexity and nonlinearity if such problems can be formulated
in terms of known physical laws. The really great virtues
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of the model proposed here, or its obvious extensions, are
that the limiting transport processes occur during basically
viscous flow situations and that the differential equations
describing these processes are well known. It is, of course,
assumed that the model truly describes the natural phe-
nomena. Thus, regardless of necessary complexities or
nonlinearities, solutions can be obtained for the important
transport problems. Only an equation of state, a constitu-
tive equation, and the thermal properties (or the diffusivi-
ties and rate constants) are required for a solution if
appropriate fluid friction loss data are available. If an
adequate theory of stability and transition for the viscous
sublayer existed, even the latter information would not

be required.
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NOTATION

B = second constant from turbulent mixing length
theory, Equation (19)

C = heat capacity; Cs, of heat capacity of wall ma-
terial; Cy, heat capacity of the fluid

D = diameter of the tube

f = frequency of the growth and decay cycle, 1/T

h = local heat transfer coefficient based on bulk fluid
temperature

k = thermal conductivity; k;, thermal conductivity of
the wall material; kj, thermal conductivity of the
fluid

n = integer greater than zero

Ny = local Nusselt number based on bulk fluid tempera-

ture, hD/k;
Np, = fluid Prandtl number, C; u/k;
Ngre = Reynolds number based on bulk velocity,

D<u,>/v
Ng; = local Stanton number = Nyu/NgNp,
q = heat flux; q,, time averaged heat flux at the wall
R = tube radius, R* = Ru./»
t = time; the dimensionless time from start of the
growth period t* = u, \/t/v
2up* T
T = sublayer growth period; T* = li_ = U, '\/:
Vi v
u = velocity; <u> bulk velocity; u., velocity com-

ponent in z direction; ug, velocity at edge of
growing sublayer; u. = \/ro/p; 4t = u/u.

x, 1, # = rectangular Cartesian coordinates relative to a
point on the wall in the transverse, normal and
axial direction of a tube respectively; y* = yu./v

Greek Letters

@ = thermal diffusivity; x; = ks/psCs; a5 = ki/ps™ Gy
T = thermal responsivity;

Ts = VkepsCs; Ty = VkipCs
) = thickness of growing sublayer; 8+ = 8u./v, &,

the maximum thickness of sublayer growth; &,
the minimum sublayer decay thickness

A = unit sublayer extent at the wall; A;*, the dimen-
sionless distance between anticorrelation positions
in the x direction

[} = temperature; 0z, constant temperature at the edge
of the growing thermal sublayer; <8> bulk fluid
temperature; ., time average wall temperature

K = first constant from turbulent mixing length theory,
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Equation (7)
A = integral scale; A", integral scale in dimensionless
units in the x direction

© = fluid viscosity

v = fluid kinematic viscosity

P = density; p,, density of wall material; p;, density of
the fluid

T = shear stress; r,,, the time averaged wall shear stress
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Simultaneous Noncatalytic

Solid-Fluid Reactions

C.Y.WENand L. Y. WEI

West Virginia University, Morgantown, West Virginia

Solid-fluid reactions often involve two or more simultaneous reactions because either the feed
contains multiple fluid reactants or the fluid products are reactive with the solid. Three types
of simultaneous reactions, independent, parallel, and consecutive, are examined in terms of the
selectivity and the effectiveness factor based on the unreacted core shrinking model under
isothermal conditions. Criteria for high selectivities are derived, and effects of diffusion and

chemical reaction are discussed.

Noncatalytic, solid-fluid reactions are of considerable
industrial importance and are readily found in chemical
and metallurgical industries. A large number of examples
of this system involving a single fluid reactant have been
discussed (2, 3, 6). In many of the industrial operations,
however, we often encounter situations in which more
than two reactions are involved either because the feed
contains multiple fluid reactants or because the products
are reactive with the solid. For example, in the gasification
of carbonaceous matter by steam and hydrogen, more than
two simultaneous reactions are involved. It has been
observed (7) that reaction of carbon with hydrogen is
first order with respect to hydrogen and that with steam
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is approximately zero order with respect to steam. The
treatment involving simultaneous multiple reactions is
much more complicated than that for a single reaction.

Actually there is a more important reason for studying
such complex reactions. The interactions among the reac-
tant, intermediate, and product species at the reacting sur-
face of a solid particle, manifest themselves in some cases
by striking changes in the magnitude of the overall reac-
tion rate. Three commonly encountered systems for the
complex reactions are independent reactions, parallel reac-
tions, and consecutive reactions. In fact, all real systems
fall either into one of the above classes, or a combination
of the three. Some of the examples are:

Independent reactions:
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